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MOVING LOAD ON A FLEXIBLY SUPPORTED
TIMOSHENKO BEAM

J. D. ACHENBACH and C. T. SUN

Northwestern University, Evanston, Illinois

Abstract-A uniform beam of infinite length is subjected to a force whose point of application moves with
constant velocity over the beam. Solutions are obtained that are time invariant in a coordinate system moving
with the load velocity. The supporting foundation includes damping effects. The influence of the damping
coefficient and the load velocity on the beam response is studied. The limiting case of no damping is included
and the various resonance effects are clarified.

NOTATION*

E Young's modulus
I moment of inertia of beam
tit rotation of cross-section
w transverse displacement of beam (deflexion)
W dimensionless transverse displacement of beam
x distance along beam
v velocity of the force

= x-vt
R dimensionless ,
A cross-section of the beam
p mass density of the beam
G shear rigidity
~' shear coefficient of a Timoshenko beam
q foundation pressure/unit length
Fo magnitude of the concentrated force
c5( ) Dirac delta function
H( ) Heaviside unit function
'1 coefficient of viscosity
k spring constant
'0 radius of gyration of the cross-section of the beam
~ damping ratio
a1 thickness shear frequency ratio
a2 extensional wave velocity ratio
e velocity parameter
f3 = ()/al
A = a2/al

Fourier transform parameter
e. _ = -is
tit, W exponential Fourier transforms of t/t and W

* Additional symbols are defined as they occur in the text.
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1. INTRODUCTION

IN SEVERAL FIELDS of engineering it has become of increasing interest to study the dynamics
of beams supported by flexible foundations. An important class of problems in this area
pertains to the response of a beam which is subjected to rapidly moving loads.

This paper is an investigation of the response of a Timoshenko beam to a force moving
with constant velocity over the beam. The solutions are obtained under the assumption
that the deformation is stationary relative to a coordinate system that moves with the
load. Solutions of this type are sometimes referred to as 'steady-state' solutions. The
beam is supported by a deformable foundation, but it is assumed that the foundation
pressure at any point depends only on the deflexion and the transverse velocity at that
point.

The 'steady-state' response of a Bernoulli-Euler beam on a purely elastic Winkler
foundation has been studied by many authors. Solutions have been presented by Hovey [1]
and later by Ludwig [2]. The problem was thoroughly reconsidered by Dorr [3], and
again by Mathews [4]. The simplified beam and foundation models used in these papers
limit their applicability. The Bernoulli-Euler beam cannot be applied at the increasing
frequencies which result from higher load velocities. A significant improvement is obtained,
however, by considering the Timoshenko beam, which takes into account the first mode
of thickness-shear, and which is applicable at much higher frequencies. The 'steady­
state' dynamic behavior of a Timoshenko beam on a purely elastic foundation has been
studied by Crandall [5].

In the references [1-5] the Winkler assumption on the foundation was adopted. The
Winkler assumption implies that the supporting continuum can be replaced by a set of
parallel springs. This drastic simplification which includes neglecting the inertia of the
foundation has been generally accepted. The Winkler foundation has also been used
conjointly with a still more sophisticated beam theory (the exact theory) to study the
propagation of wave trains [6].

For running load problems the elastic Winkler foundation gives rise to interesting
resonance effects. For both the Bernoulli-Euler beam and the Timoshenko beam the
amplitudes of the displacement, the rotation and the moment increase beyond bounds
when the load velocity approaches a certain value, generally referred to as the critical
velocity. For the case of the Timoshenko beam there are, moreover, two other load
velocities for which a leading or a trailing resonance effect occurs. The latter resonance
effects are fundamentally different from the first one in that not only the amplitudes of
the displacement and the bending moment, but also the wave numbers of the rotation,
the displacement and the bending moment increase beyond bounds. The terms leading
and trailing resonance are used because the unlimited increases in amplitude and wave
number take place either ahead of or behind the load. This particular character of the
resonance at the second and the third critical speeds had not been recognized before.
The second and the third critical velocities are respectively the propagation velocity of
shear fonce disturbances C2 = (Gx'/p)t and the propagation velocity of moment distur­
bances C1 = (E/p)t. The first resonance effect, the one which occurs in the Bernoulli­
Euler beam as well as in the Timoshenko beam, takes place at the minimum value of
the phase velocity for free undeformed steady-state waves in the beam.

The present paper studies the influence of linear foundation damping on the 'steady­
state' response of a Timoshenko beam. This problem is an extension of the work in [5]
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in that the springs of the elastic Winkler foundation have been replaced by viscoelastic
Kelvin elements. The parameters in the present problem are the damping coefficient e
and the load velocity parameter fl. The different types of responses at various points in
the e-fl plane are studied and the results are presented in diagrams. Moreover, some
additional information on the beam supported by the purely elastic foundation is obtained
by considering it as a limit case e-+ O. The effect of linear damping was included for the
Bernoulli-Euler beam by Kenney [7] and Mathews [8].

Analogous to the work reported in [1-8] are the investigations by several authors of
the steady-state response of circular shells to ring loads. If axial displacements and
longitudinal coupling are neglected thin shell theory yields a set of equations similar to
the ones for the beam. In a recent paper [9] a simple shell bending theory with longi­
tudinal coupling was utilized to study the steady-state response of a cylindrical shell to
a moving ring load. The results of the present paper are pertinent to the same problem but
in our paper rotatory inertia, transverse shear and damping are taken into account,
while axial displacements and longitudinal coupling are neglected. Attention should also
be drawn to work by Tang [10] who considered the response of a shell to a moving step
load. He included rotatory inertia and transverse shear, but he did not include the effect
of damping.

Fo8(r)

(1)
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w

FIG. 1. Timoshenko beam on a flexible foundation.

2. FORMULATION OF THE PROBLEM

Timoshenko's equations for the displacement wand the rotation 1/1 of a freely vibrating
beam with constant cross-sectional area A, moment of inertia I, mass density p, Young's
modulus E, shear modulus G and shear coefficient x' are (Fig. 1):

8
2

1/1 (8W) 8
2

1/1EI-+x'AG --1/1 = pI-
8x2 8x ot2

, (8
2
W 81/1) 8

2
w

x AG 8x 2 - 8x = pA 8t 2 •

If the beam is supported by a Winkler-type foundation and under the action of a force
distribution F(x, t), equation (2) becomes

, (8
2
W 81/1) 8

2
w

x AG 8x2 - 8x +F(x, t)-q(x, t) = pA 8t2

where q(x, t) is the restoring force from the foundation. In the present paper we consider
a Winkler foundation with simple damping. The damping in the foundation is introduced
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by replacing the springs of the elastic Winkler foundation by viscoelastic Kelvin models,
which consist of a spring placed parallel to a dashpot. For such a foundation the restoring
force q(x, t) can be expressed as

ow
q = kw +1]--;::-.

ot
(4)

The present case also applies if the foundation is elastic, but the damping is provided by
other external mechanisms. The constant k is the foundation modulus and I] is the
damping coefficient.

The equations (1), (3) and (4) govern the displacements of the elastic beam on the
damped (viscoelastic) foundation. If the applied load F(x, t) is a constant force of magnitude
Fo, which moves with constant velocity v over the beam it can be expressed as

F(x, t) = Fob(x - vt) (5)

where b( ) is the Dirac-delta function.
To facilitate the solution of equations (1), (3) and (4) we employ a transformation of

variables which is suggested by physical considerations. Let us consider the displacement
of the beam at a point which is at a specified distance r from the point of application of
the force and whose position is therefore advancing in the positive x-direction with
velocity v. We now assume that transient effects have died out and that a steady state has
been reached. As a consequence of these assumptions the displacement only depends on r.
The following transformation of coordinates is thus introduced

r=x-vt. (6)

Considering the dependent variables to be functions of r only, we obtain from equations
(l), (3), (4) and (5):

dw
q = kW-l]v dr.

(7)

(8)

(9)

The equations can be made dimensionless by measuring lengths in terms of the radius
of gyration of the cross section and measuring time in terms of the period of vibration
of the undeformed beam bouncing on the elastic foundation. We introduce

ro = )(I/A) Wo = )(k/pA) Vo = rowo

~ = 1]/2)(kpA) W = w/ro R = r/ro (10)

() = v/vo

Substitution of (10) into equations (7), (8) and (9) gives the dimensionless equations of
motion

(11 )
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(12)

3. APPUCATION OF THE COMPLEX FOURIER TRANSFORM

Solutions for the displacement Wand the rotation l/J may be obtained with the
Fourier transform technique. In the present paper the following pair of transforms has
been used

(13)

(14)

and

1 Joo -
f(R) = 2rr _ 00 f(s)e

iSR
ds.

Operating on (11) and (12) with the exponential Fourier transform we obtain

[-(a~ _02)S2 -aiJtii+aiisW = 0 (15)

[-(ai -02)s2+20eis-l]W-aiistfr = -F*. (16)

The transformed displacement Wand the transformed rotation tii can now be solved
from (15) and (16). The results are

tii ~
F* = ai(l- P2)().? - P2)S4 - 2adJe(22.- p2)is3 +(}.2 - /32 -ai/32)s2 - 2alepis+ 1

W (l2_P2)s2+1

F* = aW - 152)(22- p2)S4 - 2a l/3ep,? - /32)is3 +(22- /32 - ai/32)s2 - 2a1epis + 1.

In (17) and (18) the following substitutions have been used

o= pal a2 = 2al'

(17)

(18)

(19)

(20)

It is noticed that the denominators of equation (17) and (18) are fourth order polynomials
in s with real and imaginary coefficients. The biquadratic equation which results from
equating this denominator to zero will henceforth be called the characteristic equation.
The process of determining the inverse transform of lj,(s) and W(s) can be accomplished
by elementary means, i.e., with a table of complex Fourier transforms, if we know the
roots of the characteristic equation. The next section is devoted to a thorough investiga­
tion of the type of roots that occur for various combinations of the load velocity and
damping parameters. Once the roots have been determined the functions lj,(s) and W(s)
can be expanded into partial fractions. This process is straightforward and results in both
cases in a sum of four terms, each of them of the general form Cf(s+b+ic), where C, b
and c have constant or sometimes zero values. The inverse transforms of tii(s) and W(s)
can now be determined by noting that the inverse of

1 . is _ sgn(c)ieCRe-ibRH[ - R sgn(c)].
S+b+IC
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In equation (20), sgn (c) and H(R) are generalized functions defined by

sgn(c) = {I
for c>O

-1 for c<o

and

H(R) = {~
for R > 0

for R < O.

(21)

(22)

4. THE ROOTS OF THE CHARACTERISTIC EQUATION

The characteristic equation is a fourth order equation in s with real and imaginary
coefficients. It is however easier to consider an equation with real coefficients and for
that reason the substitution s = ip is introduced; the result is

ai(l - /32)().2 - /32)p4 - 2adg(A2- /32)p3 - ().2 - /32 -ai/32)p2 +2a t ~/3p+ 1 = O. (23)

Inspection of equation (23) shows that for ~ > 0 the roots cannot be purely imaginary,
and hence lfr(s) and w(s) cannot have poles on the real axis. To investigate the type of
roots, i.e. real or complex, of equation (23) we have to consider the general discriminant
of the equation. It is shown in, for example, [11] that the signs of the discriminant d
determine the type of roots of the biquadratic equation. According to [11] the equation
possesses two real and two imaginary roots if d < O. If on the other hand d > 0 the
roots are either all real or all complex. The roots are all real if two subdiscriminants
P and Qare both negative.

After substitution of numerical values for ai and A., the discriminant d is a function
of the velocity parameter /3 and the damping parameter ~. A careful investigation of the
equation d = 0 reveals that the equation is satisfied along certain curves in the first
quadrant of the ~ - /3 plane. It can be shown that d = 0 along the line p = ). and at the
point ~ = 0, p= ao/at. The discriminant is moreover equal to zero along two curves

VIII

VIIV

VI

Q·O /'-..
--,

o'--------~05~----'--,\~-/3-------.'oI-5,..-----:~~3----c~---~2_5

FtG. 2. Regions for roots of the characteristic equation, at = 10, ,(2 = 3.

2f------..'\,.-----1f----b--·-.<j-----+---j<---+-----i
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FIG. 3. Regions for roots of the characteristic equation, a~ = 1000. ,l,2 = 3.
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which are shown for different values of ai in Fig. 2 and Fig. 3. The curves for which
I:i = 0 bound regions where I:i is positive or negative. In the regions of positive I:i the signs
of P and Q determine whether the roots are all real or all complex. The curves P = 0 and
Q = 0 have also been plotted in Fig. 2. The signs of P and Q can only change across the
curves P = 0 and Q = 0, and these curves therefore bound regions of positive and
negative P and Q. By testing it was determined that the regions of positive I:i are I, IV,
V and VIII, Fig. 2. A check disclosed that only in the regions IV and V the conditions
P < 0 and Q < 0 were met, and as a consequence we have four real roots in regions
IV and V. The roots in the regions I and VIII are thus all complex.

From equation (20) it is seen that a root for s only contributes to the solution ahead
of the load (head wave) if the imaginary part of the root is positive. As s = ip, a root of
equation (23) only contributes to the head wave if the real part is positive. Similarly a
root of equation (23) only contributes to the solution behind the load (tail wave) if the
real part is negative. The signs of the real parts of the complex roots or the signs of the
real roots can be determined with a technique which was developed by Routh [12].
Following Routh's method the number of positive real parts is equal to the number of
sign changes of a sequence of test functions.

The results of the foregoing discussion are tabulated in Table 1. For every region of
the first quadrant of the f3-~ plane, Fig. 2 and Fig. 3, the type of root of equation (23)

TABLE 1. TYPE OF ROOTS OF THE CHARACTERISTIC EQUATION

Region Type of roots (P) Type of roots (5)

I
II

III
IV
V

VI
VII

VIII

m\±inh -m2±in2
m\±inh -m2, -m3
-m\±inh m2. m3
-mit -m2,m3,m4
-mit -m2' -m3' m4
-m\±inh -m2,m3
-m\±inh -m2• -m3
-m\±inh -m2 ± in2

±n\+imh ±n2-im2
±n\+imh -im2• -im3
±n\-imh im2. im3
- imh - im2' im3' im4
-imh -im2, -im3' im4
±nt-imh -im2' im3
±n\-imh -im2, - im3
±n\-imh ±n2-im2
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is shown as well as the sign of the real parts. The corresponding roots for s are listed in
the last column.

In both Fig. 2 and Fig. 3 we used), = J3. The values for ai were 10 and 1000 for
Fig. 2 and Fig. 3 respectively. From the expressions given by (10) we can deduce the
following form for a2

a2 = tJ(4EI/k)/r6. (24)

From equation (24) it follows that a high value of a2 corresponds to a stiff beam or a
soft foundation.

5. SOLUTIONS FOR THE DISPLACEMENT W(R) AND THE ROTATION t/J(R)

It is observed from Table 1 that the four roots of the characteristic equation can be
four complex, two complex and two imaginary and four imaginary. In this section t/J(R)
and W(R) are given for these three cases. The inverse transforms were obtained by
expanding l[J(s) and W(s) into partial fractions and inverting the individual terms with
equation (20).
Case I. In the regions I and VIII roots of the general type: s = ±n 1 + im 1, ±n2 + im2 • The
following functions are defined

K(u, v) = sgn(u)e- uR sin(vR)H[sgn(u)R]

M(u, v) = sgn(u)e- uR cos(vR)H[sgn(u)R]

(25)

(26)

where sgn(u) and H[ ] are defined by equations (21) and (22). Inverting (17) results in

ai 2E3 2E2 2F3 2F2
F

*t/J = -~K(ml' nl)-~M(ml' nd--K(m2, n2)--M(m2, n2)· (27)
E\ E\ F\ F\

The inverse transform of (18) is

ai 2G3 2G2 2H 3 2H2
F* W = - G\ K(m 1, nd- G

1
M(m h nd- HI K(m2, n2)- HI M(m 2, n2)· (28)

The constants E, F, G and Hare

E 1 = 2nd[(ml - m2)2 -(ni - nm2+4ni(ml - m2)2}(1-/F)(Jc2 - {32) (29)

E 2 = 2mlnl(ml -m2)-n1[(m\ -m2)2_(ni-nm (30)

E 3 = ml[(m 1-m2)2_(ni-nm+2ni(ml -m2) (31)

F\ = 2n2{[(m\ - m2)2 + (ni - n~)F +4n~(ml - m2)2 ](1- {32)().2 - {32) (32)

F2 = 2m2n2(m2-ml)-n2[(ml-m2)2+(ni-nm (33)

F3 = m2[(m\-m2)2+(ni-nm+2n~(m2-md (34)

G 1 = £1 (35)

G2 = -2nl(m1 -m2)[1-()o2_{32)(mi-nDl-2mlnl(Jc2_{32)[(ml-m2)2_(ni-nm (36)

G3 = _[I-(Jc2_{32)(mi-ni)][(ml-m2)2_(ni-nm+4mlni(Jc2_{32)(ml-m2) (37)

H 1 =F1 (38)
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H 2 = 2n2(ml-m2)[1-(,F-p2)(m~-nm-2m2n2().2_p2)[(ml-m2)2+(ni-nm (39)

H 3 = _[I-().2_p2)(m~-n~)][(ml-m2)2+(ni-nm-4m2ni().2_p2)(ml-m2)' (40)

Case 2. In the regions II, III, VI and VII, roots of the general type: s = ±nl + imb im2, im3'
We define the function N(u) as

N(u) = sgn(u)e-URH[sgn(u)R]. (41)

The solution for the rotation is

a2 2E' 2E'
F~ljJ = - E'1

3
K(mb nl)- E'1

2
M(ml' nl)-F'lN (m 2)-F2N(m3)' (42)

The deflexion is given as

ai 2G~ 2G2 , ,*W= --,K(mbnd--G, M(m b nd-H1N(m2)-H 2N(m3) (43)
F G1 1

where the constants E', F', G' and H' are defined as

E'l = 2nd[(ml-m2)(ml-m3)-niF+ni(2ml-m2-m3)2}(I-P2)().2_P2)

E2= m1nl(2m l -m2-m3)-n1[(m 1-m2)(m1-m3)-nil

E~ = ml[(m1-m2)(ml -m3)-nil+ ni(2ml -m2 -m3)

, -m2

F 1 = (m2- m3)[(m1-m2f+ni](l-p2)().2_P2)

, -m3
F2 = (m3 -m2)[(ml -m3)2 +ni](1- P2)().2 _ p2)

(44)

(45)

(46)

(47)

(48)

(49)

G2= -2m1nl(},2 - p2)[(ml -m2)(ml -m3)-nil-nl(2ml -m2 -m~)[I-().2- p2)(mi -ni)]

(50)

G~ = 2mlni().2- P2)(2ml -m2- m3)- [1_().2 - p2)(mi - ni)][(ml - m2)(m1-m3)- nil (51)

(52)

(53)

Case 3. In the regions, IV and V, roots of the general type: s = imb im21 im3' im4. The
inverse transform of the rotation is

2

;~ljJ = -E'{N(ml)-E;N(m2)-E3N(m3)-E~N(m4)'

The solution for the deflexion is

2;'lW = -G'{N(md-G;N(m2)-G3N(m3)-G~N(m4)'

(54)

(55)
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The constants E" and G" are
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-ml
E~ = (ml-m2)(ml-m3)(ml-m4)(1-/F)(A2-f32)

-m2

E'2 = (m2 - ml)(m2 - m3)(m2 - m4)(1- f32)(A 2
- 132)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)

6. THE DAMPING COEFFICIENT APPROACHING ZERO IN THE LIMIT

The special case of zero damping coefficient, that is when the beam is supported by
an elastic Winkler foundation, is a limiting case of the formulation that was presented
in the previous sections. The solutions for the elastically supported beam can be derived
from equations (27~ (28~ (42) and (43~ if appropriate care is exercised.

For ~ = 0 the biquadratic equation in s simplifies to

aW - f32)(A 2
- f32)S4 + (A 2

- 132- aif32)s2 + 1 = O. (64)

The solutions of equation (64) are

s = ± {[(aif32- A2+ f32)±Jt]/2aW - f32)(A 2- f32)}t (65)

where

(66)

(67a)

(67b)

(67c)

Let ao/at be the positive real root of the equation J = O. It is then easily shown that
J < 0 and J > 0 for respectively 13 < ao/at and fJ > ao/at. For values of at of physical
significance we find ao < al and A> 1, hence aola l < 1 < A. It can then be deduced from
equation (65) that the roots of equation (64) are of the form:

0< f3 < aO/al s = ±n+im, ±n-im

13 = aO/a l double roots s = ±n, ±n

aO/a l < f3 < 1 s = ±n l , ±n2
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1 < f3 < A S = ±im, ±n (67d)

A < f3 S = ±nl> ±n2. (67e)

The deflexions and the rotations in the various f3-regions can be obtained in the
following manner

(1) 0< f3 < aO/a1: S = ±n+im, ±n-im.

The solutions are obtained by substitution of m1 = m, m2 = - m and n2 = n1 = n into
equation (27) and (28) and into equations (29-40).

(2) f3 = aO/a1: double roots s = ±n, ±n.

For this particular case the inversion integrals are of the type

Joc dx 2'

(x-xo)
-00

(68)

It is well k~own that an integral of the type (68) does not exist even in the sense of a
Cauchy principal value. It was discussed in [9] that such nonexistence of a solution
implies a resonance, in the sense that the amplitude of the displacement becomes un­
bounded all along the beam. The value of the load velocity parameter f3 which yields
an integral of the type (68) defines the first critical velocity. It was pointed out in [5] that
this' velocity is equal to the minimum phase velocity under which a free wave with a real
wave number can be propagated along the beam.

(3) ao/at < f3 < 1: s = ±n1' ±n2'

In this velocity interval the integrand of the inversion integral has simple poles on the
real axis. The integral can be evaluated by making the convention that the integration
is not exactly along the real axis, but is along a line an infinitesimal amount above or
under the real axis [14]. The two integrations give results that are valid respectively
behind or in front of the load. It is not possible to ascertain which poles should be passed
in the upper half-plane and which should be passed in the lower half-plane. As a result a
question of uniqueness arises. This ambiguity is avoided however by considering the
beam on the elastic foundation as a limit case of the beam on the damped foundation.
As is discussed next, we can then immediately derive the solutions from the general
expressions (27) and (28).

If ~ :I: 0 the roots for s are complex; for ~ = 0 the roots are real. If an infinitesimal
amount of damping is introduced the roots are complex with a very small imaginary
part. According to Table 1 the roots are of the type s = ±n1 +im 1 and s = ±n2+im2,
where for small damping m1 and m2 are small. It can be shown that n2 > n1if m2 > 0 and
m1 < O. It is essential to know the sign of the imaginary parts of the roots, because ac­
cording to equation (20) this sign determines whether the term contributes to the head
or to the tail wave. If the roots are now of the type s = ± nl> ± n2' the relative magnitudes
of n1 and n2 indicate how the solutions for t/J(R) and W(R) can be derived from (27) and
(28). We set m1 = m2 = 0, but we set sgn (m2) = + 1 and sgn (mt) = -1 if n2 > n1' Also
introducing m1 = m2 = 0 in the constants the rotation is obtained as

a2

F~ t/J = A cos(n1R)H( -R)-B cos(n2R)H(R) (69)
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(70)

(71)

Similarly the deflexion is obtained from (28) as
2

;~ W = C sin(n1R)H( - R) - D sin(n2R)H(R)

where

(72)

(73)

(74)

It is of interest to investigate the solutions as fJ approaches unity. For fJ -+ 1, J± can
be expressed as

(75)

If n2 > n1, it is seen from equations (65) and (75) that for fJ approaching unity n1 remains
finite, while n2 increases as 1/(I-fJ2)t. From equations (69-71) it then follows that the
amplitude of l/t(R) remains finite, but the wave number increases beyond bounds ahead
of the load. It is also observed from (72-74) that both the amplitude and the wave number
of the displacement head-wave increase beyond bounds. The term leading resonance is
used to designate the type of resonance that occurs only ahead of the load. Since the
bending moment is proportional to the derivative of the rotation l/t it can be checked
that the bending moment exhibits leading resonance as fJ approaches unity. The value
fJ = 1 corresponds to a load moving with a velocity v = C2, where C2 = (x'G/p)t is the
propagation velocity of shear force disturbances in a free beam.

(4) 1 <fJ<A.:s= ±im, ±n.

For small damping the roots in this velocity interval are of the form s = im2, s = imJ

and s = ±n1 + im b where m1 is very small and negative. The solutions for the case
~ = 0 are derived from (42) and (43) by setting n1 = n, m1 = 0, m2 = -m, m3 = m and
sgn (md = -1. The results are:

a2

F~ l/t = A' cos(nR)H( - R)+ B' emRH( - R)- B' e-mRH(R) (76)



and

where
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a2

F~ W = C' sin(nR)H( -R)+D' emRH( -R)+D' e-mRH(R)

, 1
A = (m2+n2)(1_p2)(A2_P2)

-1
B' = 2(m2+ n2)(1- p2)(A2 _ p2)

C' _ 1+().2
- p2)n2

- n(m2+n2)(1- p2)().2 _ P2)

, _[1_().2_p2)m2]

D = 2m(m2+n2)(1_p2)().2_p2),
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(77)

(78)

(79)

(80)

(81)

For physically significant values of ), and a~ the real roots for s, s = ±n, remain
finite while the values of the imaginary roots, s = ±im, increase as 1/.j(P2 -1) and
1j.j(}..2 - P2) respectively, as p approaches unity and ).. From (78) and (79) and (76) it
followg that the amplitude of l/J(R) remains finite in both cases. Equation (81) indicates
that D' increases beyond bounds when papproaches unity, but vanishes when papproaches
).. According to equation (77) a resonance in displacement amplitude thus occurs as p
approaches unity. However, because of the exponentials in equation (77) the resonance
occurs only close to the origin. It can be checked that the bending moment displays the
same type of localized resonance, not only when p approaches unity but also when p
approaches ). inside the interval 1 < p < A. The value p= ). corresponds to a load
velocity equal to the propagation velocity of moment disturbances in a free beam.

(5)

For small damping the roots are of the type s = ±nt +imt and s = ±n2+im2,
where m1 and m2 are small and negative. Substituting m2 = ml = 0 and

sgn (m1) = sgn (m2 ) = -1

in (27) and (28) we obtain

a2

F~ l/J = A cos(n 1R)H( - R)+B cos(n2R)H( - R)

and
2

;~ w= C sin(ntR)H( - R)+ D sin(n2R)H( - R)

(82)

(83)

where the constants A, B, C and D are defined by equations (70-74). It is noticed that if
p approaches). the larger of the roots, say n2, approaches infinity as 1/.j(P2 _).2). In­
spection of equations (70-74) shows that the amplitude of the rotation remains finite.
The amplitude of the displacement, however, shows a trailing resonance. The bending
moment also exhibits a trailing resonance.
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7. DISCONTINUmES UNDER THE MOVING LOAD

Discontinuities under the moving load can be detected by considering the equations
of motion (11) and (12). By eliminating t/J(R) the equation for W(R) is obtained as

aW - /32)(A2- /32)W IV + 2al/3~(),2 - /32)W'" -(A2- /32 -ai/32)W"

-2al/3~W' +W = F*e5(R)- (A 2
- /3 2)F*e5"(R). (84)

Similarly the equation for t/J(R) is obtained as

aW - /32) (A 2- /32)t/JIV + 2a l/3~(A2- /32)t/J'" - (),2- /32 - ai/32)t/J"

-2al/3~t/J' +t/J = F*e5'(R).

Denoting a discontinuity by S[ ], we obtain by integrating equation (84)

S[W'] = - F*laW - /32).

Also by integrating equation (85)

S[t/J"] = F*lai(1-/32)(A2_/32).

(85)

(86)

(87)

The results. (86) and (87) indicate that the displacement, the rotation and the bending
moment are· continuous. The discontinuities (86) and (87) can also be checked directly
from the expressions for t/J(R) and W(R).

It is of note that the discontinuities are independent of the damping coefficient ~.

Thus also for the beam on the damped foundation the discontinuity in W' increases
beyond bounds when /3 approaches unity. The discontinuity in t/J" becomes unbounded
when /3 approaches unity or A.
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FIG. 4. Beam defiexion, (J = 0'1, af = 1000, ,\2 = 3.
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FIG. 5. Beam deflexion, fJ = 0'5, a~ = 1000, ,1,2 == 3.
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8. NUMERICAL RESULTS

For several values of the damping parameter e and the velocity parameter p the
displacement and the bending moment are plotted as functions of R. In all cases numerical
values for A. and ai were selected as A. = .J3 and ai = 1000.

In Fig. 4 the displacement is shown for subcriticalload velocity and for various values
of the damping parameter. Whereas the displacement for the elastic foundation is sym­
metric relative to the load, the maximum is behind the load for a damped foundation.

J1!f
F*

-36 -24 12 R °
FIG. 6. Beam deflexion, fJ = 1,5, a~ = 1000, ,1,2 = 3.
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FIG. 7. Beam deflexion, fJ = 2,5, at = 1000, ;.2 = 3.

In Fig, 5 displacement curves are shown for a load velocity higher than the first critical
velocity. The undamped foundation ~ = 0, gives undamped sinusoids. It is noticed that
in this load-velocity range the damping has a more pronounced influence on the deflexion
amplitude than at subcritical velocities. For load velocities higher than the propagation
velocity of shear force disturbances the deflexion curves have again undergone a differ­
ence in appearance. It should be mentioned that the deflexion behind the load is still
periodic, but the wavelength is beyond the range of Fig. 6. For load velocities higher than
the propagation speed of moment disturbances the beam is undisturbed ahead of the

--- ----
ol_--+--:.-.=I==..:"-=-4------\~-I_--+----+--_+-__A~

Metro
fiF*
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108642'0 R

FIG. 8. Bending moment, fJ = 0,5, at = 1000, ).2 = 3.
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load, Fig. 7. Attention is drawn to the differences in the scales that were used to plot the
deflexions in Fig. 4, Fig. 5, Fig. 6 and Fig. 7 respectively. The bending moment is shown
in Fig. 8 for various values of the damping parameter, and in Fig. 9 for ~ = 0·5 and various
load velocities.
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FIG. 9. Bending moment, ~ = 0'5, ai = 1000, A2 = 3.
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9. CONCLUSIONS

It has been shown that transverse foundation damping decreases the magnitudes of
the displacement and the bending moment. The discontinuities under the load in the
slope of the displacement and the second derivative of the rotation are not affected by
transverse foundation damping.

In this paper the Complex Fourier Transform has been found a convenient method of
analysis. Due to the foundation damping the transformed quantities possessed poles in
the complex plane, never on the real axis. The favorable positions of the poles made the
inversion process straightforward and questions of uniqueness did not arise. By con­
sidering the elastic foundation as a limitcase the zero damping response can also be
obtained without ambiguity.
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Resume--Une poutre uniforme, de longueur infinie, est soumise 11 une force dont Ie point d'application se
deplace avec une vitesse longitudinale constante. L'auteur obtient des solutions qui sont invariantes, par
rapport au temps, dans un systerne de coordonnees se depla~ant 11 la vitesse de la charge. La resistance 11 la
charge comprend I'elfet d'amortissement. L'auteur etudie I'influence du coefficient d'amortissement et de la
vitesse de la charge sur la reaction de la poutre. II examine aussi Ie cas limite d'un amortissement nul et il fait
apparaitre I'influence des dilferents cas de resonance.

A6cTpaKT-Ha 68m(y nOCTORHHoro Ce'leHHlI 6ecKOHe'lHOA AJIHHbI AeAcTByeT CHJI8, TO'lK8 npHJIOlKeHHR
KOTOpoA nepeMemaeTCR no 68Jl1(e c nOCTOllHHOA CKOpocTblO. nOJIY'laeMble peweHHR HenOCTOllHHbl BO
BpeMeHH B KOOPmlH8THOA CHCTeMe, .lI.BHlKymeAcli co CKOPOCTblO Harpy3KH. Hecymee yCTpoAcTBO 38KJIIO­
'taeT B ce6e .lI.eMncllHpYlOmHe .lI.eJtCTBHlI. PaCCM8TpHBaeTCli BJIHlIHHe Ko3CIJcIIHI.\HeHT8 .lI.eMncllHpOB8HHlI H
CKOpOCTH H8rpY3KH H8 pe8KI.\HIO 6aJIKH. BKJIIO't8eTCli npeAeJIbHblA cJIY'laA HyJIeBOrO .lI.eMncllHpOBaHHR H
OCBemalOTCli P83JIH'tHble pe30HaHCHbie 3c11clleKTbl.


